@ Springer

Journal of Mechanical Science and Technology 23 (2009) 1306~1322

Journal of
Mechanical
Science and
Technology

www.springerlink.com/content/1738-494x
DOI 10.1007/512206-008-1004-6

Characteristics of a transiently propagating crack
in functionally graded materials '

Kwang Ho Lee"”, Young Jae Lee? and Sang Bong Cho’

ISchool of Mechanical and Automotive Engineering, Kyungpook National University, Sangju, Kyeongbuk, 742-711, South Korea
Department of Civil Engineering, Kyungpook National University, Sangju, Kyeongbuk, South Korea, 742-711
3School of Mechanical and Automation, Kyungnam University, Masan, Kyeongnam, South Korea , 631-701

(Manuscript Received July 14, 2008; Revised August 20, 2008; Accepted October 10, 2008)

Abstract

When a crack propagates with acceleration, deceleration and time rates of change of stress intensity factors, it is very
important for us to understand the effects of acceleration, deceleration and time rates of change of stress intensity
factors on the individual stresses and displacements at the crack tip. Therefore, the crack tip stress and displacement
fields for a transiently propagating crack along gradient in functionally graded materials (FGMs) with an exponential
variation of shear modulus and density are developed and the characteristics of a transiently propagating crack from the
fields are analyzed. The effects of the rate of change of the stress intensity factor and the crack tip acceleration on the
individual stresses at the crack tip are opposite each other. Specially, the isochromatics (constant maximum shear
stress) of Mode I tilt backward around the crack tip with an increase of crack tip acceleration, and tilt forward around
the crack tip with an increase of the rate of change of the dynamic mode I stress intensity factor.

Keywords: Transiently propagating crack; Accelerating and decelerating crack; Dynamic stress intensity factor; Stress and dis-

placement fields

1. Introduction

The behavior of propagating cracks in functionally
graded materials (FGMs) was studied early on by
Atkinson and List [1] and many researchers have
investigated the behavior of propagating cracks in
FGMs.

For the dynamic stress intensity factors of pro-
pagating cracks in FGMs, Wang and Meguid [2]
studied the propagating cracks by solving the ap-
propriate singular integral equations using Chebyshev
polynomials for different inhomogeneous materials
under antiplane loading condition. Jiang and Wang
[3] studied a finite crack with constant length (Yoffe
type crack) propagating in an interfacial layer with
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spatially varying elastic properties under inplane
loading. Ma et al. [4] analyzed for a finite crack with
constant length propagating in a functionally graded
strip under plane loading by means of the Schmidt
method. Cheng and Zhong [5] studied the finite crack
with constant length propagating in a functionally
graded strip with spatially varying elastic properties
between two dissimilar homogeneous layers under
inplane loading by utilizing the Fourier transform
technique.

For the experimental studies of a propagating crack
in FGM, Rousseau and Tippur [6] evaluated the crack
tip deformation and fracture parameter histories in
compositionally graded glass-filled epoxy under low
velocity impact loading. Kirugulige et al. [7] studied
experimentally and numerically the model sandwich
structures comprising of graded core with bilinear
variation of volume fraction of hollow microballoons.
Yao et al. [8] studied dynamic crack initiation and
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propagation of functionally graded materials (FGMs)
using the optical method of caustics.

For the fields of a propagating crack in FGMs,
Parameswaran and Shukla [9] developed the higher
order fields of the first stress invariant through an
asymptotic analysis, and the fields bring out the
effects of nonhomogeneity. However, some higher
order terms in the fields approach infinity as a crack
speed approaches zero as pointed out by Rousseau &
Tippur [6] and Kirugulige et al. [7]. This behavior is
irregular in physical meaning. Lee [10] developed
nonhomogeneous specific terms for individual stress
and displacement components that solved the problem.
During crack initiating or stopping, the crack pro-
pagates at acceleration or deceleration with changing
stress intensity factor. To analyze these transient
crack states, Freund [11] first developed a higher
order expansion of the first stress invariant for
isotropic materials during transient crack growth and
only square root singular term in the fields cannot
completely describe the transiently propagating crack
tip state. Rosakis et al. [12] obtained the higher order
asymptotic individual stress components near the tip
of a non-uniformly propagating mode I crack. Shukla
and Jain [13] developed the Mode I stress and
displacement fields for a transient crack propagating
along the direction of property gradation in FGMs.
The contours of constant maximum shear stress
(isochromatics) under Mode I tilt forward around the
crack tip with the increase of crack tip acceleration
¢ (dc/dt), and tilt backward around the crack tip
with the increase of the rate of change of the dynamic

mode I stress intensity factor K, (dK,/dr ). The

results are the opposite of those in this study.
Chalivendra and Shukla [14] also developed
asymptotic expansion of out of plane displacement
wiv,h,(o, +0,)} when a transient crack propagates

arbitrarily in FGMs. The contours of the out of plane
displacement become compressed ahead of the crack
tip when K, or ¢ increases under mode I state.

However, the characteristics of the first stress variant
(o, +0,) are different between Shukla & Jain [13]

and Chalivendra & Shukla [14] as K, increases. In

addition, some terms in the fields [13, 14] approach
infinity as a crack speed approaches zero, as pointed
out by Chalivendra and Shukla [14], and this
irregularity occurs for ¢<0.3¢, . Therefore, they

suggested that the fields should be applied by a

remedial approximation for ¢<0.3c,. It means that
their fields have two different types between ¢ < 0.3c,
and ¢>0.3¢c, . The types of the fields are not complete.

Thus, the crack tip fields solved above problems are
developed in this study. The higher order terms of the
transient stress and displacement fields at crack tip
were obtained by transforming the general partial
differential equations of the dynamic equilibrium into
Laplace’s equations whose solutions have harmonic
functions. Thus, the fields can be expressed very
simply. When a crack propagates with acceleration,
deceleration and time rates of change of stress
intensity factors, it is very important for us to
understand the effects of acceleration, deceleration and
time rates of change of stress intensity factors on the
individual stresses at crack tip. Using the stress fields
developed in this study, effects of acceleration,
deceleration and time rates of change of stress
intensity factors on the individual (o,,0,,7,)

xx

stresses at crack tip are studied and compared with
Shukla & Jain’s results [13]. Also, the effects of
transients and nonhomogeneity on isochromatics for a
propagating crack in FGMs are discussed.

2. Stress and displacement fields for a tran-
sient crack propagating under inplane loa-
ding

2.1 Formation of equilibrium equations

Lame’s constants (A4,4) and density (p) of the
FGM are assumed to vary in an exponential manner as
given by Eq. (1), whereas Poisson's ratio (v) is
assumed constant.

u=pu,exp(cX), A=74,exp(cX),
0 = p,exp(cX) )]

where X is the reference coordinate, 4, and g,
denote Lame’s constants at X =0, respectively. ¢ is

a nonhomogeneity constant which has the dimension
(length) ™. The relationship between stresses and strains
can be written as

Oy = exp(gX)[(ﬂo +2U,)E + j'o‘s'w] >
O-YY = exp(gX)[j’()EXX + (l() + 2/'1() )E)’Y] ]
Ty = XP(SX) MY vy @

where o, and ¢, are the stress and strain components.
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It should be noted in this case that the longitudinal and
shear wave speeds of the medium are constant. If the
deformation is plane strain, the displacements « and
v which are derived from dilatational and shear wave
potentials @ and W can be expressed by Eq. (3)

o® ¥
=—+

oX dY

_0® J¥
oY ox

>

(©)

The equilibrium in dynamic state is given by Eq.

Q)

a0, az' _ du 97,
oX aY

do,, v
, X4 =p— (4
o aX oY or’ @

Substituting Eq. (3) into Eq. (2), and substituting
Eq. (2) into Eq. (4), the equations for the dynamic
state can be obtained as

2 2
J (k+2)V v LdPL, 0 gy p Y
ax u o | oy 1, or
2
S PR LA P (52)
ox? 0XoY
9 (k+2) VZCI)—&az—q) _ 0 gy 2 0¥
aY U, o' | 0X U, or
2
I P I i A (5b)
oXaoY &)Y2 ox?

where k=A,/u,. The moving crack tip coordinates
are x=X—-a(t), y=Y . Where a(t) is the half
crack length in center crack or the crack length of an
edge crack. When @ and W have function of
position (x,y) and time t at crack tip, Eq. (5) can be
transformed as

,0°D 9D 9D g a¥
a[ B 2 +g7
ox*  dy ox k+2 ay
N A— 82 8 ) 8 () (6a)
U, (k +2) axa or’
&7 g N g N d 82
e ) S—+gk P
8‘}’ 8 a v
0 6b
ax xa ot )= (65)
where

=1-(c/¢)’
<, =\//4/ o
¢, =c,J2(1=v)/(1-2v) for plane strain,
¢, =c,AJ2/(1-v) for plane stress.

c¢,c and c,

=J1-(c/c,)

are the crack propagation velocity,
elastic dilatational wave velocity and elastic shear
wave velocity at the crack tip. It is very difficult to
obtain analytical solutions for the elastodynamic
differential Eq. (6). Thus, an asymptotic expansion
analysis is used to expand the stress fields around a
transiently propagating crack tip. To obtain an
asymptotic expansion of the fields around the crack
tip, we assume the general solutions of Eq. (6) for
D(z,,t) and ¥(z,,?) as follows:

®,(z,0) = =[6,(z,,0)dz,

¥, (.0 = [, Go0d, (7)

And ¢/(z,t) and y,(z,,t) can be expended by
power series as

,(2,0)=24,0z",
n=1

V(2.0 = 2 B,0=" ®)

where 4, (1) = A (1) +id (1),

B,()=B]()+iB,(1) , z,,=x+my.

When @(z,/) and Y¥(z,,t) in Eq. (6) can be
expanded by powers as Eq. (8), the structure of Eq.
(6) can be expressed as Eq. (9)

a,zaq:;”+aq2”=0: n=1,2 (92)
ox ay
2 2
A P S SR (9b)
ox dy
oo, do, [, 1 v,
toox? o’ ox  k+2 dy
_2(32 EECI/Z aq)nfzj :n=3,4 (10a)
¢ ot ox
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2 2
T ov, o
foxt 0y’ ox oy

1/2
_222 %(C”Lj}:zj cn=3,4

(10b)

and so on.
Thus, for any value of » , the equilibrium equation
has the general form as

LD, 9O W, 1 Y,
a 2n + zn =_éf w2 n
ox dy ox k+2 oy

2079 ( .00 ) 10D,

P (Al Rl e

¢ ot ox ¢ ot

2 2

a? d ‘I:n J lI:n _ _éf a‘{!n—z +k a(I)n—z

*oox ay ox dy
2¢" 9 ( 12 a‘y,,fz) 1 aijmx
¢ ot ox ¢ o

s

(11a)

+ |
(11b)

when n<0, ® =¥ =0.

2.2 The stress and displacement fields for n =1, 2

Eq. (9) is the Laplace’s equation in complex
domain z,, =x+m,,y and the same as that for a
homogeneous material and can be rewritten as

(a,z + m[z)(I);(z[,t) =0& (af + mf)'{’:,(zuf) =0.

Thus m,, =i, . The solutions for in Eq. (9) can
be expressed as D (z,,¢)= —Rejqz,(z/,t)dz, and
Y, (z,,t) = —Im'[y/n(zj ,t)dz, respectively.

Substituting the differentiation of &, and ¥,
into Eq. (3), the displacements u and v for n=1

and 2 can be expressed as Eq. (12).

u= _Re{¢n(zl’t) + C(Sl//”(Zs,t)} >
v=Im{ag,(z,0 +y,(z,.0)} (12)

Substituting the differentiation of Eq. (12) into Eq.
(2), the stress o, for n=1 and 2 can be expressed
as Eq. (13).

o, =—uRe{(1+20] —a)),(z,.0) 2y, (z,.1)}
0, = uRe{(1+ )¢, (z,0) 2oy, (z,.1)}
z,, = uIm{20,¢,(z,,0)+(1+ &y, (z,.1)} (13)

Substituting Eq. (8) into Eq. (13), and substituting
Eq. (13) into Eq. (2), applying traction free boundary
conditions on the crack surface, 4, and B, can be
obtained as

A(1) = ———B, (K" (1)

UAN2T

A

A1) =—2—B, (K1),

U N2

BI(1) =—— 1B (K (1),

UAN2T

. 2 . .
=— 14
B, (1) N By (K, (1) (14)

-

where 4 is the shear modulus at crack tip.

1+a’

B()=——""T"—7,
4o, —(1+a)

2a
B,(c)=—""——,
" vy
. e 2 N
h =h2=1+0’{:, h =h) = Yt

s

Substituting Eq. (14) into Eq.(7), and substituting
Eq. (7) into Eq. (2) and (3), the stresses and
displacements for a propagating crack are obtained in
Egs. (15) and (16).

2 2
o, =exp(gx)Y oL, , 0, =exp(sx)) o),
n=1

n=l

7, =expe 7, (15)
where
o, = ’qj)z—f;(c)n{(l +207 ~yr eos=230,-
2027’7 cos” - 2)@}
0= Zi—f{(l +200 ) cos” 6~

n—2

n-2
20,hr * cos( 2 )H}

s
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-2
)0, —

LK0B,© {
YE,

(1+2a} =), 2 sm(
2z

s"n"s s

2alr £ sin( 22)9}

+K:B,,(c) { 2 2 =

nl(+207 -y sin(=2)6, -
2w ) 2

n-2 2
2ahr,? sin(* )a}

2

. _ K, ®B, () { (1+0()rn2 cos(

Oy = \/E

)9,+

n's

n=2
20.hr, cos( )9 }

o w2
- KB n{—(l +a)n? cos(n

(o} yn
Wy \/ﬁ

-2
50+

n=2
20 h“rq 2 cos( )0 }

s"n

2)9, "

KB, {
N

1+ ) 2 sm(
27

s"nts

20177 sin(Z 2)3}

. 2 -
KB, ~(1+a)r,? Sin(u)a +
NEY S ’ 2

n-2 2
20017, sin(” )a}

o 2 _
Ty, = KB, (I)ZB’(C) n{—ZtZ,V, 2 sin(L 2)9, +
NLTT

n=2
(1+ad)h'r,? s1n(

=
“29 +

n—-2
)

-2
)6, -

=2a,r, 2 sm(
2z '

580, {5

n-2
(1+a?)hr,* sin(

L K.0B,(c) { =2
~e

2ar, 2 cos(
2z 2

(1+ad)h r”- cos( )19 }

n's

\/2L( <) {20{;; 2 cos( )0 —

(I+ad)h, r”;2 cos( )6 }

u, = exp(= ga)zun, v, =exp(= §a)zv (16)

n=l

where

u::K:(Z)BI(C)\/E{ 2cos( )0, — o hr? COS(Z)@}

K(r)B,,(c> \f {
vsz(t)B'(c)\f {—ar sin($)0 +h”;ﬁzsm(2)6(

L (’)B"(C) \f ar cos( )0, — i 2 cos( )e}
rjz./x +(aj,y) , 0, =tan (O(y/x)

K'(t) and K'(1) for n=1
intensity factors K, () and K,(¢), respectively.

2sm( )0 ahr sm( )6,

s (2

j=Ls.

denote the stress

When n=1 and 2, the differential equations in Eq.
(9) are the same as those for a homogeneous material
[11] but their stress and displacement fields are
influenced by the nonhomogeneity constant ¢ .
When ¢ is zero, Egs. (15) and (16) are the same as
those [11, 15] of homogeneous materials.

2.3 Stress and displacement fields for n =3 and 4

For n=3 i Eq (10), the & (z,/) and
¥ (z,,t) have nonhomogeneous coefficients and
transient terms, and only n =3 and 4 are considered
to generate the fields in this study.

The relation between @, ,(z,,t) and ¥, ,(z,,?)
in Eq. (10) can be written as [10].

Iy )= k12D (1),
dy ox
1 0 0
—V¥ t)=—o 17
k + 2 ax n-2 (Zs 2 ) ay n-2 (Z[’[) ( )

Substituting Eq. (17) into Egs. (10a) and (10b), Egs.
(10a) and (10b) can be written as

, '@ 0'D 2¢"% 9 ,,00,,
249 % 2¢O 120 18
"oox? " oy’ q at[c ox ) (183)
, 0¥, 82‘}’ —é’[ }
toox 8 : ax
172
_2c . a[ 12 9Y, J (18b)
¢ ot ox
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where D, =1+k/(k+2)=2(cf —c)/(1-a)

Substituting Egs. (7) and (8) into Eq. (18), Eq. (19)
can be obtained as

n o
{E(O{f + mf)An )z

(19a)
2% 0 12 2-1
= A _(H)z)"
7 =/ (¢74,.0z"")
{E(U’f +m)B,(z!"" =—¢DB, ,z/"""
2 2 a 1/2 n/2-1
2 at( ()2 )} (19b)

when n>3, m,and m_ are dependent on the crack
propagation, physical properties, nonhomo-geneity
and acceleration, and the value is changed for each
n . From Eq. (19), m, and m, can be written as

m,=id, , m, =id, (20)

For Mode I ;

& = \/a +k“20[c+2A“2+5(n)]
ne\c A,

a, \/a +koZ (gD +[+ZB”‘2+5‘(71)]],
¢ ¢ B,

= A:,z(r)/A"(t) B z(t)/B (1),

5,3 =Lsin’
o,

1

5(4)=0, 6,4 =2¢la,,

5(3)—

, 6,
% cos? &
2’

For Mode 11 ;

@ = \/“+k 2C(C+2A“+§(n)]
ne\c A4

n=2

0"4=\/043+k22[§0¢+[ +2 “+5(n)]j
n ¢ B,

k, = A:—z(t)/A:(t):B:—z(t)/B;([)s

5(3)_

0
53—— —L T
3) acosz 5

os#=2¢/a, 6,(4)=0.

2 2060 D—(1+e2)D
{ a+adb .

VINOES
n—z() ﬂ\/ﬁ D2
l+

2 {Za,D—Za,D . )

nz(t)_lu\/— D?

2, .,
+?K 2(1)}

_ 252

D=4, —(1+a;) ’

: | e a 1+

D =—4ce| —5+—H5——= 1|,
ac,  ac, c,

58

K.,

. 2 |26D-2aD
Anfz(t)z |: > >

UAN2T D’
20, .

+ DA Kll—2 (t)} b

2 |20aD-(+a)D

U2 D’

1 +al

B (h=- K., (1)

P —cc p —cc
- 20 1T 20
) o

578

K@) =K, (),

¢=dc/dt,

K9 =dK°“ /dt,

K[ (1)=K,(t).m (=i&,) inEq. (20) is dependent on
crack propagation velocity (¢ ), acceleration (¢ ), rate
of change of the stress intensity factor [ K(dK /dt) ],
(e )
(¢)and angle (0) at the crack tip. The unit of %
and k, islength. When n=4 or the transient crack
propagates at constant velocity, m, and m, are
When n=3, if the

transient crack propagates at nonuniform speed, the
value of &,,(3) which is related to & in

physical properties nonhomogeneity

independent of x and y .

a,(j=1,s) is nonzero. However, J,,,(3) is very
small compared to the other terms.

Fig. 1 shows m (8)/m (c) for n=3,
mj(c) is mj(cbél(x)(:;):()) .
m (6)/m (c) approaches one. This indicates that

in which

As shown in Fig. 1,

6,,(3) almost does not influence &,(j=1,s) .

Thus, we assume that the m, is independent of

xand y. When m, and m_ are the same as Eq.
(20), Eq. (18) can expressed as Eq. (21)
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2.0

¢,=1050m's , c/c=0.7 , dc/dt=2x10°m/s’

15}
K =1MPa(m)"*, dK */dt=10° MPa(m)"%/s?

—o0—

m,(6)/m,(6=r)
0.5}

—o

m(6)/m_(6=0)

Variation rate of m(6) and m_(6)
5

00 1 1 1 1 1
-180 -120 -60 0 60 120 180
Angle at crack tip, 6(deg)

Fig. 1. Variation in the rate of m,(#) and m(6) with
angle at crack tip for ¢=4and £} >10"m .

0}2 82(1)”(2[,1‘) + azq)n(ént)
1

ox’ oy’ =0
2 2 2 A
a2 ‘Pg)ffs’%a q'éifvt):o 1)

where Z =x+id,y and &, is dependent on
J J J

transients in addition to physical properties and crack
propagation velocity. Eq. (21) is also Laplace’s
equation in complex domain Z, and can be rewritten

as (@ +m))®,(2)=0 & (&’ +m’)¥,(2,)=0. Thus,
. When n>3,
equations for @ (Z,/) and ¥, (Z,f) can be also

obtained and the solutions of the Laplace’s equations
have harmonic functions. Thus, & (Z,f) and

m =i, and m =ia Laplace’s
1 1 s s

W, (Z,,t) canbe written as

q)n(ézat) = _Rej¢n(2/7t)d21 >

W, (2,0 =~Tm [y, (2,,0)d, (22)

Fo=yxt (@), éj =tan”'[@,y/x], j=Ls.

¢,(2) and w,(2,) are dependent on accelera-
tion(dc/dt) and the rate of change of the stress
intensity factor (dK/ds ) in addition to the crack
propagation velocity and physical properties.
Substituting the differentiation of @ (Z,) and
Y, (z,) in Eq. (22) into Eq. (3), the displacements

u and v for n=3, 4 can be expressed as Eq.
(23).

u= —Re{¢"(z,,t) +ay, (zs,t)}
v=Im{ag,(.0)+v,(2,.0)} (23)

Substituting the differentiation of Eq. (23) into Eq.
(2), the stress o, for n=3, 4 can be expressed as

Eq. (24).

-
a"*:_#Re{L—o}

%=uRe{[ i gja of)+2}¢g(z,,t>+2awg(zﬁr>}

8,0+ (1+&,

z}@@,,n+z@w;@,n}

7, = uIm{2¢, (2,00 (24)

The ¢,(2,,t) and w,(Z,,t) canbe written as

6,20 =D [A/()+ A (1)1E]"”

n=3

v, Con =SB0+ B (3)

Substituting Eq. (25) into Eq. (24), the stress fields
become

o, = —Zﬂ;{ﬁsmﬁj

n=3

)+2 "2:|"()x 2)/2

><cos(

—2)4 280 ()@ zcos(%)éx}

) ~ _
+ZuZ{AI<r)B S(-a7) +24] "
n=3 - % i
A A(n 2)/2 n—2
><sm( )(9 +2B (D), sin( 5 )0,

6{, )+2 }f;[(n—z)/z

‘Z)és}

_&12) + 2:|}’;/(n2)/2

npn 1-o?
— Aot _7»"1_
2{ [ ( ){ 1_0{2(

1

Xcos(n )0, +2B° (1)@ 7" cos(>

Son| o 1-
_§ﬂ2{A"(l‘)|:—l_ :

xsm(” 206 +28 (a2 sm(nT_z)é}

4

n n—
=1 4°(2a,)7" " sin
Ton = 2 M 2{ (26)i{"" sin(—

2

)6,
+B(1)(1+

+Zy

n=3

df)ﬁ"’””sin(%)és}
(26)

{A (26,)7"" 2cos( 2)9,

+B ()1 + &2)F"" cos( 22)@}
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Applying traction free boundary conditions on the
crack surface, A°(r), B'(1), A(r) and B! () can
be obtained as

A =- B (c,&,0)K: (1)

2
ﬂ(,\/ﬁ
i=

(1) = ﬂ\/—

B()=-K(c.e.0A @) B()=-h(c.c:nA ) (27)

B” (c,¢ t)K (?)

where

B (c,é\0)

1+ 1-af) ,
40:0((1 )+ 1+ (- )1-67)-2(-a)]
ll(c7cbt)
_ 2a,(1-a) ,
Cdaa(1-a)+(+a)(1-a)(1-&)-2(1-a)]
o e 24
hi(c,e,t)=h,(c,c,t)= I+ &:)

B (c,é,t) = B (c,é,1)
_20-a)-(-a)1-8})
2a,(1-a)

Substituting Eq. (27) into Eq. (26), applying
A O =0 AL0O/K (0 and A1) =14, /k;, the
can be obtained as Eq. (28)

=
1

E
)
7

a-@)-2|i

stress fields o,

i

z (( )B ) (c)exp(sx) {

n=3

xcos( )6

nsv

Wé A"ZZ cos()@}
¥ ”f—@ ,,(c>exp<gx){1 -

Xsm(—)@ -2h &fglzsm()ﬁ}

=

n2
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(c)exp(sx) {
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4 a
n

X

n=3

n—2 n—-2
{ =247 s1n( )9 +(+ )P s1n(

B ,(c)exp(cx) X

24

&K () e
+”:3 Dor B,,(c)exp(gx){ZO{,r,2 cos( 5 )6,

—(1+& )hnrf cos(” Z)é‘}
(28)

where

K@) =K,/ kK, K{@O)=nK ()] k],

K*(l‘):ﬂ;K”(l‘)/kg > KA(t):”sz(t)/kA P
f=yx 44,
60, =tan'[@,y/x],

A=+ @y,

é? = tan_l[dvy/x] b

Substituting Eq. (25) into Eq.(23), the displace-
ment fields can be obtained as

+ K°()B, (c)
"2 exptea)

{ cos( )9 (Zshn’r)zcos( )6}

K08, [2
=, exp(ax)

{ sm( )9 a)hnrA sin(— )6}

4 0
L <3 KOEE 2
= M, exp(ga)
x{—&,ﬁ,z sin(g)é, + R sin(g)é}
(29)
KB, [2
n=3 /un exp(ga)

i

Finally, the fields for a propagating transient crack
in FGM under inplane loading, o, and u(v) are
given in Eq. (30)

(30)

- Zo-{,/,ﬂ , u(v)= Zu”(V,,)

n=1 n=1
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The structure of the transient fields of n=3, 4 is
similar to that of the steady fields of n=1, 2
because the higher order terms are obtained by
transforming the partial differential equation of the
dynamic equilibrium into Laplace’s equation whose
solution has harmonic function. Especially, the higher
orders terms of n>3 are affected by terms of the

selected, however, two conditions are demanded.
First, when a crack propagates with steady state
( ¢ = K =0), the normalized stress components
(0,),, /0] (see Fig. 4) and (z,)), /0, (see Fig. 8)
at r — 0 must be constant at any crack velocity [10,
15-17]. Second, the higher order normalized stress
components o, ,/o0, and 7 _,/0, in Eq. (30) must

w3 xy3 i

nonhomogeneity parameter ¢ , crack tip acceleration  have small values at r—0(@=0°) when
é_and the rate of change of stress intensity factor ¢and K are zero. That is, ‘o-yy(zo-m+o-”d/o-” =1
(K). When ¢ are zero, the equations reduce to the — and|z (=7, + T)yz)|/ 7, =1 whenr—0(0=0") and
fields for a transiently propagating crack in isotropic ¢ = K@#) =0. In this study, when
materials [15]. This analytical method and the results ¢ = K =0, |0'U,3 / O'y‘_1| <0.02 for mode I,
are different from those of previous studies [13, 14]. |2'xy3/2'ﬂ_1 <0.02 for node II, where r=0.0lm .

In previous studies [13, 14], the higher order terms in
the fields are very complex because they were
obtained not from Laplace’s equilibrium equation but
the general partial differential equation. In addition,
some terms in the fields approach infinity as a crack
speed approaches zero as pointed out by Chalivendra
and Shukla [14] and this irregularity occurs for
¢<0.3c, . Therefore, they suggested that the fields
should be applied by a remedial approximation for
¢<0.3c,. However, the fields in this study do not
have any irregularity and can be applied from a
stationary crack speed to Rayleigh wave speed.

3. Discussion on solutions

3.1 Effect of transient factors on stress fields

In order to investigate the effects of transients ¢ , K
on stress components, transient fields of Eq. (30) for
mode I and II loading are used. The coefficients
(n=1, 3) related to stress intensity factors were
considered. To analyze the exact stress and
displacement components, the reasonable selection of
£ in Eq. (20) and K{“ in Eq. (30) is very

important. Various values of k< and K{“ can be

These values of k" and K/ selected in this study
satisfy the above two conditions. The stress
components were evaluated as a function of the
angular position (¢) at radial location »=0.0lm
for stationary and propagating cracks. The stress
intensity factors K,(t)=K,(/)= 1.0MPa(m)"”
Physical ~ properties  u(X)=1.316e" (GPa),
p(X)=1200¢" (kg/m’), ¢ = 4/m or (-4/m),
v =0.38 and material fringe constant f, = 15 (kN/m-
fringe).

Table 1 shows the values of " and K{” used
for analyzing stress components of a transiently
propagating crack. When M =0.02, the values of
ky and k; are very high. However, the low values of
k{ and k, can also be used if two conditions
previously mentioned are satisfied.

Fig. 2 shows the stress component in the vicinity of
the crack tip propagating at acceleration, deceleration
or constant velocity in functionally graded materials
with an exponential variation of physical properties.

Fig. 3 shows the normalized stress o, /o, with

variation of K, at crack tip when crack is a
stationary (M =0.02) and propagates at
M =0.7under mode I loading. Where ¢ =10"m

Table 1. The coefficients used for analyzing stress components of a transiently propagating crack.

Mode I Mode 11
Figs 1 dmis), ks (m), st (),
K, (MPa/m/s) K?(MPa/~/m) K, (MPa/m/s) K (MPa/"/m)

0.02 é=0 K =10'm é=0 K =10°m
Figs : K, ()=0~10° K=K, Ik K,=0~10° K =10"K, Ik
3-8 07 é=0 K =09m é=0 K =0.9m

' K, =0~10’ K=K, /K K,=0~10’ K=K, /k

Figs | o, | é=-2x10"~2x10 k! =0.02m ¢=-2x10" ~2x107 Kk =0.02m
9~14 : K, =10° K =10"K, /k! K, =10° K. =10"K, /k
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>0, ¢=0, <0

—
X 4pc(f)

Ry

Fig. 2. Stress components in the vicinity of the propagating
crack tip.

for stationary crack (M =0.02) and k; =09m for
propagating crack with M =0.7. K, varies in the
range 0~100MPa(m)"?/s for stationary crack and
0~1000MPa(m)"*/s for propagating crack with
M =0.7.In Fig. 3, as K , 1increases, the normalized
stress o, /o, decreases and the effect of variation
of K, on o, is great in 60° <|§|<120° when the
crack is static and near €=0° and 90° when crack
is propagating at M =0.7. Even if the value of K7
and the variation of K, is greater when
M =0.7 than when M =0.02 (see Table 1), the
variation of stress o is greater when crack is static
than when crack propagates. Thus, the effect of K,
on stress o, is greater when crack velocity is slow
than fast.

Fig. 4 shows the normalized stress o, /o, with
variation of K, at crack tip when crack is a
stationary (M =0.02 ) and propagates at M =0.7
under the same conditions as Fig. 3. In steady state
( ¢ = K() =0), normalized stress component
0,(0=0°)/0; when M =0.02 is the same as that
when M =0.7. This point will have to be considered
when the values of 4y and K are selected. As
known in Fig. 4, as K , increases, the normalized
stress o, /0, decreases and the effect of variation
of K, on o, is great in 20 <|€|<150“ when
M =0.02 and |t9|<80” when M =0.7. The effect
of K, on stress o, is greater when the crack is
static than when the crack propagates.

Fig. 5 shows the normalized stress 7, /o, with
variation of K, at crack tip when crack is a
stationary and propagates at M =0.7 under the
same condition as Fig. 3. As K, increases, the
normalized stress 7 /o, increases in 0° <6 <180°
and decreases in —180” <@ <0° for stationary crack

4.0
—o—: M=0.02, dK/dt=0

+ _ 35 —5—: M=0.02 dK/dt=50MPa(m)"*/s
e} —o—: M=0.02, dK/dt=100MPa(m)'*/s

%30 —*—: M=0.70, dK/dt=0
© —=—: M=0.70, dK/dt=500MPa(m)"*/s
@ 25¢ —4—: M=0.70, dK/dt=1000MPa(m)'*/s
9]
s de/dt=0
O
o]
N
£
[¢]
pz4

)

-100 0 100
Angle at crack tip, 0 (deg)

Fig. 3. Normalized stress o, /o, for variation of K,(f)
under X, () =1.0MPa(m)"* .

+
N
o

T

-
[6,]

¥y

-
o

0.5

: M=0.02, dK/dt=0

—8—: M=0.02, dK /dt=50MPa(m)"/s X,

—o—: M=0.02 dK/dt=100MPa(m)**/s

——: M=0.70, dK/dt=0

—=—: M=0.70, dK /dt=500MPa(m)"*/s

—4—: M=0.70, dK/ct=1000MPa(m)'*/s
.

Normalized stress, 6, /0,

"800 -120 -60 0 60 120 180
Angle at crack tip, 6 (deg)

Fig. 4. Normalized stress o, /o, for variation of K,(t)
under X, (t) =1.0MPa(m)"* .
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—&—: M=0.70, dK/ct=1000MPa(m)"*/s
-2.0 ! :
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Angle at crack tip, 6 (deg)

Fig. 5. Normalized stress 7,,/0; for variation of K, (1)
under X, () =1.0MPa(m)"* .
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M=c/c,

1/2
)

o, =K, /(2nr
{=4/m

dc/dt=0

+

r=lcm

lo,
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XX

o
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Normalized stress, o
.
:

Fig. 6. Normalized stress o /o, for variation of K, ()
under K, (¢) =1.0MPa(m)'” .

08 M=clc, o,=K,/(2r)"* dc/dt=0
+b= 06 r=lcm t=4/m
b§ 0.4
. 0.2
[2]
3 0.0
g -0.2
S 04
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2 -0.8} —o—: M=00,dK/dt=100MPa(m)"“s
—e—: M=07,dK/dt=0
RLE Y — M=0.7, dK /dt=500MPa(m) "
12} —e—: M=07,dK/dt=1000MPa(m)"*s

-180 -120 -60 0 60 120 180
Angle at crack tip, 6 (deg)

Fig. 7. Normalized stress o, /o, for variation of K, (1)
under K, (t) =1.0MPa(m)"* .

and the effect of variation of K, on 7 is great in

20 <|6|<160° . The maximum values of
absolute |TW/ o/| , which occur at 6=%110" ,
decrease as K, increases. When the crack

propagates at M =0.7, the effect of K, on 7 is
less than thaton o, /o, ando, /o]

Figs. 6-8 show the normalized stresses o /0,
o,/o, and 7 /o, with variation of K, at crack
tip when crack is a stationary (M =0.02) and
propagates at M = 0.7 under mode II loading. Where
k; =10°m for stationary crack (M =0.02) and
k; =0.9m for propagating crack (M =0.7). As
known in figures, in steady state ¢=K(r)=0,
7,(0=0")/0, when M =0.02 is the same as that
when M =0.7. As pointed out previously, this fact

N
o
T

+

o
3]

—o—: M=0.02, dK/dt=0

: M=0.02, dK/dt=50MPa(m)" s
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1<} =)
o S
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Fig. 8. Normalized stress 7, /o) for variation of K, (t)
under K, () =1.0MPa(m)"* .
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Fig. 10. Normalized stress for variation ¢

under K, (t) =1.0MPa(m)'” .

o, /ol

will have to be considered to select the values of &,
and K;. The effect of variation of K, on 7, /0, is
great; however, that on o /0, and o, /0, is
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Fig. 11. Normalized stress 7, /o, for variation ¢ under
K, (1)=1.0MPa(m)" .
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Fig. 14. Normalized stress 7, /o0, for variation. ¢ under
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little. The effect of variation of K, onz,/o} is
great in |f|<160” . It seems that the effect of
variation of K, on o /o, is greater when
M =0.7 than when M =0.02 ; however, if the
variation of K, is from 0 to 100MPa(m)"/s as case
of M =0.02, the effect of K, on o /0 is very
little. The effect of K, on variation of stresses is
also higher when crack velocity is slow than fast.

From Fig. 3 to 8, as the change rate of stress
intensity factor for time (K, ) increases, the stresses
o.lo;,0,/0; and 7 /0o, , which are not zero at
0=0°,decrease but o, /0oj increases. 7, /o7 and
o, /0, , which are zero at €=0", increase or
decrease along crack tip €. However, the maximum
values of absolute |Tn,/ o/| and |0'W/ 0',*,|, which
occur at @==%110° , decrease as K, and
K, increases. The effect of K, on variation of
stresses is higher when crack velocity is slow than
fast.

Fig. 9 shows the normalized stress o /o, with
variation of ¢ at crack tip when the crack pro-
pagates at M =0.2 under mode I loading. The
acceleration will occur greatly at crack initiation
even if the crack speed is slow. After accelerating, the
crack will propagate at almost constant velocity and
will be stopping (deceleration). Thus, the low crack
velocity M =0.2 is selected in other to evaluate
the effect of acceleration or deceleration on stress
components. The range of ¢ is —2x107 ~2x10"m/s’
under K, =10°MPa(m)'"*/s When the crack
acceleration ( ¢>0 ) increases, the normalized
o./o; at crack tip increases. When the crack
deceleration (¢<0) increases, o, /o, decreases.
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The effect of ¢ on o, is great in |f|<140° and
greatest at € =0". Compared with Fig. 9(a) and (b),
the higher the transients (¢, K, (7)), the greater the
variationof o_ /0, .

Fig. 10 shows the normalized stress o,/ o, with
variation of ¢ at crack tip when the crack
propagates at M =0.2 under the same condition as
Fig. 9. As the crack propagates at acceleration
(¢>0), the normalized o, /0] increases, as the
crack propagates at deceleration (¢<0), o, /0
decreases. The effect of ¢ on o, is great in
|t9|<100” and greatest at 9=0°. The higher the
transients ( ¢ , K ), the greater the variation of
o,lo/.

Fig. 11 shows the normalized stress z,,/o; with
variation of ¢ at crack tip when the crack
propagates at M =0.2 under the same conditions as
Fig. 9. 7,/0, increases in 0°<6&<180° and
decreases in —180°<@<0° when the crack is
accelerating. However, maximum values of absolute
T,/ 0',*| , which occur at |6 =110", increase as the
acceleration increases.

Fig. 12 shows the normalized stress o /o,
with variation of ¢ at crack tip when the crack
propagates at M =0.2 under mode II loading.
The range of ¢=-2x10"~2x10"m/s* under
K, =10’MPa(m)"*/s . The normalized |0, /0}
greater when the crack propagates at deceleration than
acceleration. The effect of ¢ on o /o, is greatin
|t9|>30° and greatest at crack face which is
|6]=180°".

Fig. 13 shows the normalized stress o,/ o, with
variation of ¢ at crack tip when the crack
propagates at M =0.2 under the same condition as
Fig. 12. o0,/0), increases in 0°<&<180° and
decreases in -180° <0<’
accelerating. However,
absolute |0'U_ /oy| , which occur at |9| =110°, increase
as the acceleration increases.

Fig. 14 shows the normalized stress z,,/0, with
variation of ¢ at crack tip when the crack
propagates at M =0.2 under the same condition as
Fig. 12. When the crack propagates at acceleration,
the normalized |Tw/0',*, increases; when the crack
propagates at deceleration, it decreases. The effect of
¢ on z, /0, is great in |6| <150° and greatest in
the 6] =80 .

From Figs. 9 to 14, one can know that the stresses
of ¢./0/,0,/0, andz, /0, which are not zero
at #=0" increase as the crack propagates at

is

when crack is

maximum values of

acceleration and decrease at deceleration. The stresses
ofz /o and o, /0, which are zero at 6=0,
increase in  0°<6<180° and decrease in
-180"<8<0” when the crack is accelerating.
However, the maximum values of absolute |Z'”_ /oy
and |0'w / 0',*,| increase as crack acceleration
increases. |0, / 0',*,| decreases as the
propagates at acceleration.

crack

3.2 Isochromatics for a transiently propagating
crack

In order to investigate the effects of the transient
terms on a dynamic fracture, contours of constant
maximum shear stress (isochromatics) are generated for
the opening and shear mode using the terms n=1 and
3 in Eq. (30). The material thickness (% ) used in
generating the contours is 9.5 mm. Isochromatics at
each point around crack tip are generated by the stress
optic law (Eq. 31) combined with stress fields.

Nf,
Jo,-0,) +4r, = P (€1))

where N is the fringe order, 4 the plate thickness
and f, the material fringe constant.

Fig. 15 shows the effect of the rate of change
of mode 1 stress intensity factor K, for a stationary
crack tip ( M =0.02 ) under ¢=0, ¢=4/m ,
k2 =0.005m and K(f)=005K,(t)/m. If k?=10"m
and K{(t)=10"K,(r)/m are applied, the isochro-
matics are very sensitive on the variation of
K, because the value of k! is very high. Even if
K, =0, the contours, due to nonhomogeneity away
from crack tip, tilt away the crack face. Generally,
when ¢ >0 (modulus increases ahead of the crack),
the fringes tilt forward whereas for ¢ <0, the fringes
tilt backward. As K, increases, the fringes tilt more
for-ward around the crack tip, and the size of the
fringes decreases. This variation occurs largely when
the rate of change of the stress intensity factor is high.

Fig. 16 shows the effect of crack tip acceleration ¢
for a crack tip propagating with M=0.2 under
K, =10°MPa(m)*/s , ¢=4/m , k!=0.02m and
K;(t)=0.5K,(t)/m . When the rate of change of
velocity compared to crack tip speed is too high, Eq.
(20) cannot be applied. However, when a small value
of k; is used in Eq. (20), a higher ¢ can be ap-
plied in Eq. (20). It can be seen in Fig. 16 that the
fringes tilt backward around the crack tip with
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increasing crack tip acceleration. This variation also
occurs largely at a high rate of change of velocity.
Generally, the isochromatic fringes at fast propa-
gating crack tip under mode I loading tilt more
towards the crack face (backward) compared to those
for a stationary crack. The phenomenon also occurs
when the crack tip acceleration ¢ increases.

Fig. 17 shows the effect of crack tip acceleration ¢
for a crack tip propagating with M=0.5 for¢ =4/m
under lower transients than those in Fig. 16. It seems
that the transients will occur greatly at crack initiation
when crack velocity is slow. The transients at crack
velocity of M=0.5 will be lower than those at crack
initiation. Thus, the transients are applied lower values
than those in Fig. 16. K, =10°MPa(m)"*/s and the
range of accelerationis 0 ~3x10°m/s’ .

When k] =0.5m, Eq. (20) can be applied enough
Ki(t) s

for the range of ¢ = 0~3x10°m/s” .

1319

2K,(t)/m , which is higher than 0.5K,(¢)/m in Fig.
16. If K;(¢) is 0.5K,(f)/m as in Fig.17, the effect
of acceleration on isochromatics is little. Anyway, the
fringes tilt backward around the crack tip with
increasing crack tip acceleration. Compared with Fig.
16, the higher the acceleration is, the more tilted the
fringe at crack tip is.

Fig. 18 shows the effect of crack tip acceleration ¢
for a crack tip propagating with M=0.5 under,
K, =10°MPa(m)?/s , ¢=-4/m, k’=-0.5m and
K;(t)=-2K,(t)/m . If k}<<1, though ¢<0, &
of positive number can be applied in Eq. (20), and then
K{(t)>0.Unlike ¢=4/m inFig. 17, it can be also
observed that the fringes also tilt backward almost
constantly, but their sizes increase around the crack
tip when the crack tip acceleration increases. The
above results indicate that the isochromatic fringes,
due to high negative ¢, tilt backward too much.

-1.0 -05 0.0 0.5 1.0
x/h
@ K,()=0

(b) K,(t)=10" MPa(m)"*/s

x/h

(¢) K,(t)=5x10° MPa(m)"* /s

Fig. 15. Effect of rate of change of mode-I SIF for a stationary crack tip (M=0.02) under ¢=0, K,(t)=1.0MPa(m)"?,

¢=4/m, k!=0.005m and K(t)=0.05K,(t)/m .

1.0

D 05
x/h

(a) ¢=0

Fig.

(b) ¢=2x10"m/s’

16. Effect of crack tip acceleration for a crack propagating with M=0.2 under

oo 05 10 210 -0.5 0o 05 10
*®ih *®/h

() ¢=3x10"m/s’

K,(t)=1.0MPa(m)"”* ,

K,(1)=10°MPa(m)"* /s, ¢=4/m, k'=0.02m and K(r)=0.5K,(t)/m .
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05 0o
x/h

(a) ¢=0

Fig. 17. Effect of crack tip acceleration for a crack propagating with M=0.5 under

(b) ¢=2x10°m/s’

1.0

(c) ¢=3x10°m/s’

K,(t)=1.0MPa(m)"* ,

K,(t)=10’MPa(m)'*/s , ¢=4/m, k'=05m and K'(r)=2K,(/)/m.

1.0 10

-0.4

-1.0 -0.58 00 05 10
xh
(a) ¢=0

Fig. 18. Effect of crack tip acceleration for a crack propagating with M=0.5 under

(b) ¢=2x10°m/s’

a

0.
x/h

(c) ¢=3x10°m/s’

K,(t)=1.0MPa(m)"”* ,

K,(t)=10’MPa(m)'* /s , ¢=—4/m, k'=-05m and K'(t)=-2K,(r)/m .

Thus, even if the acceleration increases, the tilts are
almost constant, only the size is increased.

From Figs. 15 to 18, one can knows that the
isochromatics are affected by crack tip speed c,
crack tip acceleration ¢ and the rate of change of the
dynamic stress intensity factor K, . The isochromatics
of mode I tilt backward around the crack tip as ¢
increases and tilt forward around the crack tip as K,
increases. Generally, the isochromatics of mode I
around crack tip obtained by the fields [10] of steady
state crack propagation tilt more backward as a crack
tip speed increases. It seems that the behavior occurs
due to the increase of crack tip speed, that is, the
crack tip acceleration. Thus, it is natural that the
isochromatics of mode I obtained by transient fields
should tilt more backward around the crack tip as ¢
increases. However, Shukla and Jain’s [13] results are
the opposite of the present ones. Rosakis et al. [12]
obtained the higher order asymptotic individual stress

components near the tip of a non-uniformly
propagating mode I crack for homogeneous material.
Under the value of low ¢and K, , when we generate
the contours for constant maximum shear stress of
mode I state using their stress fields, the effects of ¢
and K, on constant maximum shear stress are the
same as those in this study. However, under the value
of high ¢and K, used in Figs. 15~18, the maximum
shear stress at the remote area is much higher than
that at the crack tip. Actually, the stress at the crack
tip must be much higher than that at any other area.

4. Conclusions

Using the stress components, effects of transients on
stress components are studied. In addition, the
contours of constant maximum shear stress (isochro-
matics) around the propagating crack are generated for
crack speeds, accelerations, rates of change of stress
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intensity factors and nonhomogeneity. The results are
as follows.

(1) Effect of the change rate of stress intensity factor
on stress components; As the change rate of stress
intensity factors ( K,, K, ) increases, the stresses

+ + + :
o./o/, o,/lo; and 7 /0, , which are not zero at
6=0°, decreases but o_ /o, increases. 7 /o,
and o, /0, , which are zero at §=0°, increase or
decrease along crack tip 6. However, the maximum

values of absolute |r\,},/ o/

and |0 /0|, which
e 1

occur at @O==%110"° , decrease as K, and

I
K, increases. The effect of K, on variation of
stresses is higher when crack velocity is slow than fast.

(2) Effect of the change rate of crack velocity on
stress components; As the crack acceleration ¢
increases, the absolute stresses o, /o] , o0, /0]

andz /o, increase. 7,,/0; and o, /0, increase

or decrease along crack tip 6 . However, the

maximum  values of absolute stresses of

increase as crack acceleration

N
7,/0

and |o"T /oy,

¢ increases. o, /0, decreases as the crack
propagates at acceleration. From (1) and (2), effects

between K ,n and ¢ on stress components are

opposite to each other.

(3) The isochromatic fringes of mode I tilt backward
around the crack tip with increase of crack tip
acceleration ¢ and tilt forward around the crack tip
with increase of the rate of change of the dynamic
mode T stress intensity factor ( K, ). These results are

the opposite of Shukla & Jain’s [13].
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